Retractable plate structure (RPS) is a family of structures that is a set of cover plates connected by revolute joints. There exists wide range of possibilities related with these structures in architecture. Configuring the suitable shape of rigid plates that are able to be enclosed without any gaps or overlaps in both closed and open configurations and eliminating the possibility of contact between the plates during the deployment have been the most important issues in RPS design process. Many researchers have tried to find the most suitable shape by using kinematical or empirical analysis so far. This study presents a novel approach to find the suitable shape of the plates and their assembly order without any kinematical or empirical analysis. This approach is benefited from the one-uniform mathematical tessellation technique that gives the possibilities of tiling a plate using regular polygons without any gaps or overlaps. In the light of this technique, the shape of the plates is determined as regular polygons and two conditions are introduced to form RPS in which regular polygonal plates are connected by only revolute joints. It should be noted that these plates are not allowed to become overlapped during deployment and form gaps in closed configuration. Additionally, this study aims to reach a single degreeof-freedom (DoF) RPS. It presents a systematic method to convert multi-DoF RPS into single DoF RPS by using the similarity between graph theory and the duality of tessellation.
Introduction
Over the last couple of decades, many concepts have been proposed for deployable structures employing bars or plates. Deployable structures based on pantographic elements have wide range of application possibilities in architecture and engineering such as retractable roof, kinetic façade, or even kinetic photovoltaic panels [1] [2] [3] . The use of translational and polar pantographic bar elements as a unit element is pioneered by Spanish architects Piñero and Escrig [4] and Escrig and Valcarcel [5] . In early 1990s, Hoberman developed a concept by the invention of angulated elements [2, 6] . On the contrary to translational and polar units, angulated elements are formed by two kinked beams. You and Pellegrino extend this concept by substituting simple angulated beams to the multi-angulated beams [7] . Despite the advantages of pantograph structures, few have successfully been realized because design process is complex. Mira designed a new multiconfigurational universal scissor component to develop domes and barrel vaults [8] .
The necessity to cover deployable structures has gained importance in time. As a result of durability problem of membrane, many researches have focused on rigid plates to cover the deployable structures. Thus, the suitable shape of rigid plates has been one of the crucial issues for the researchers. Kassabian et al. investigated cover plates that can be attached to the multiangulated bars [9] . In addition to this approach, Jensen and Pellegrino developed a method for covering any multi-angulated bar structure with plates by finding extreme position of an expandable structure [10] . In their further research, they removed the angulated elements and connected the plates directly with revolute joints exactly the same locations as in the original bar structure [11] . With this concept, Jensen and Pellegrino led to the creation of a family of structures called retractable plate structures. Lou et al. used an analytical approach to derive a set of conditions that can be used to determine whether all of the pivot locations of multi-angulated beams are enveloped by the boundary of its corresponding plate. Designers can choose an opening profile which suits their needs and then apply appropriate formula to determine the edges of the cover plates [12] . Rodriquez and Chilton combined polygonal plates and straight elements in the swivel diagraph. It offered more possibilities of design, employing fewer elements and allowed external fixed support [13] . In addition, Wohlhart proposed moveable planar double-chains with only rotary joints and spatial double-chains held together by gussets. Both types were overconstrained linkages [14] . Wei and Dai proposed a more general single plane symmetric eight-bar linkage to be used in the synthesis and construction of a group of deployable platonic mechanism with radially reciprocating motion [15, 16] . Gazi and Korkmaz combined polygonal plates and bars by benefiting tessellation technique to reach an expandable structure [17] . Research on the calculation of mechanism mobility is also important in understanding the accuracy of the design process. Gazi and Korkmaz investigated the mobility analysis of the RPSs [18] .On the other hand, Sareh and Guest presented a number of novel concepts and definitions, which help to apply systematic variations on Miura-ori pattern. They reduced the symmetry of the Miura-ori to obtain new patterns [19, 20] .
It should be noted that all of the studies above include either the assembly of rigid plates solely together or by using additional bar structures between them. On the other hand in both cases, utilizing kinematical synthesis and empirical design methods, researchers aimed to find the suitable shapes of the rigid plates that match perfectly by forming assembly without any gaps or overlaps in their fully closed and open configurations. The aim of this study is to present a new design approach without any kinematical synthesis or empirical design methods. The shapes of the platforms are determined as regular polygons. Thus, this study focuses on one-uniform tessellations technique that gives all the possibilities of assembling regular polygons in the same order on a plane. These one-uniform tessellations will be the closed configurations of RPSs. The layout of the paper begins with the fundamentals of uniform tessellation technique. By considering oneuniform tessellations' geometrical properties, two conditions are presented to design retractable plate structures that are not allowed to overlap and gaps in any configuration. Additionally, this study aims to reach a single DoF RPS and present a systematic conversion of multi-DoF RPS to a single DoF RPS by using graph theory and duality of tessellation.
Tessellations
Tessellation is a kind of mathematical technique to cover a surface without any gaps or overlaps and it has been used since ancient times in art and architecture. Architects generally use tessellation technique especially in surface designs such as grounds, façades, and floors. Despite the usage of tessellation since ancient times, the science of tessellation is comparatively recent. In mathematical literature, there are many classifications of tessellation. This study deals with the tessellations that are classified with respect to the polygon shape. In this classification, all the polygons are regular as equiangular and equilateral. Tessellations with regular polygons are usually represented by the number of sides of the polygons around any vertex point written in the clockwise or counterclockwise order [21] .
The first important studies about tessellations with regular polygons were conducted by Johannes Kepler. Johannes Kepler mentioned about the regular polygons that are able to cover a plane and he described the regular and semiregular tessellations [22] . Another important development came from Badoureau in 1881. Badoureau determined all the possibilities for regular polygons meeting at a vertex, but he was only interested in monogonal tessellations. The correct determination about the polygons, and vertex figures were done by Sommerville 1905 [23] .
The possibilities of edge-to-edge tessellation with regular polygons on a plane can be found by using some formulations. The interior angle at each corner of a regular n-gon {n} is (n À 2)/n rad or (180(n À 2)/n deg). In the light of this formulation, the number of single-type regular polygons that fit a vertex is
By using this formulation, only regular hexagons, squares, and equilateral triangles can be tessellated. If three different types of regular polygons should fit around a vertex, the formulation is
If four different types of regular polygons should fit around a vertex, the formulation is
If five different types of regular polygons should fit around a vertex, the formulation is
If six different types of regular polygons should fit around a vertex, the formulation is
According to this formulation, 17 different arrangements of regular polygons can fit around a vertex. Four of the arrangements have two distinct ways; so, there are 21 ways to fit the regular polygons around a vertex [24, 25] . These vertex combinations are: (3.7.42); (3.8.24) (Figs. 1 and 2) .
If the combination and the arrangement of regular polygons at each vertex are not the same, these tessellations are called k-uniform tessellations. The enumeration of the k uniform tessellation is proofed by Kr€ otenheerdt [26] by using the fact that the symmetry group of each k-uniform tessellation is one of the 17 different arrangements. The number of k-uniform tessellations are:
and totally there exist 135 distinct types of k-uniform tessellations (Fig. 3 ).
Duality of Tessellations.
The concept of duality occurs in almost every branch of mathematics. While isomorphism preserves certain relations between mathematical entities under consideration, duality reverses them. There is a deeper connection between any tessellation; begin with placing a vertex at the geometric center of each polygon in the original tessellation. For instance, the triangular and hexagonal tessellations are duals of each other, while the square tessellation is its own dual (Fig. 4) . The dual of regular tessellations are regular tessellations; however the dual of semiregular tessellations are not regular (Fig. 5 ).
Conditions of RPS Based on One-Uniform Tessellation
In this section, shapes of the plates and their assembly order are determined with respect to the selected one-uniform tessellation. Thus, the plates are regular polygons and connected to each other from the nodes using only revolute joints based on vertex order of selected tessellation. The nodes are the vertices of the polygons. In this section, two conditions will be presented in order to design RPS that can be deployed without any gaps or overlaps. The first condition is about being retractable, and the second condition is about retraction and expansion feature. Condition 1. To reach a retractable plate structure based on one-uniform tessellation, at least four edges of the tessellation must meet at every vertex.
One-uniform tessellations have the arrangement of the same number of polygons at the vertices. When these polygonal plates are assembled with each other by considering the combination order around every vertex, they constitute a mechanism or a structure. Three plates around a vertex connected with revolute joints constitute a structure. Four or more plates are necessary to constitute a mechanism. Figure 6 represents all one-uniform tessellations, Transactions of the ASME number and order of edges at a vertex, type of rigid plates, and their assembly order. As it can be seen in Fig. 6 , four tessellations, ( 6 3 ), (8 2 .4), (3. 12 2 ), (4.6.12), constitute a structure. In this study, all retractable plates move in planes parallel to one another. All retractable plate structures are a kind of planar mechanisms. For instance, when kinematic behavior of an RPS based on 4 4 tessellation is investigated, it can be seen that RPS expands and retracts in a predictable manner as shown in Fig. 7 .
Research on the calculation of mechanism mobility is also significant in understanding the kinematic behavior of RPS. Traditionally, the Gr€ ubler's criterion has been used to study mobility in mechanism science [27] . The formula provided by this criterion allows the mobility or number of degrees-of-freedom of a mechanical system to be calculated. According to Gr€ ubler's criterion, mobility (M) equals to
where M is total degrees-of-freedom or mobility of the mechanism; L is the number of links; j 1 is the number of lower pairs, which represents kinematic pairs with one degree-of-freedom; and j 2 is the number of higher pairs, which represents kinematic pairs with two degrees-of-freedom. In this study, higher pair is not (6)) is only valid for regular planar mechanisms. It fails to provide right mobility answers to the overconstrained mechanisms where the mobilities are different due to the existence of special geometric conditions among the links and joint axes that are referred as overconstrained conditions. For example, in Fig. 7 , RPS based on 4 4 tessellation is movable. However, if square tessellation parameters are substituted into Eq. (6) as L ¼ 9 and J 1 ¼ 12, mobility will be calculated as M ¼ 3(9 À 1) À 2.12 ¼ 0. In Fig. 8 , RPS based on (3.6.3.6) tessellation is moveable too. However, if tessellation parameters are substituted into Eq. (6) as L ¼ 19, j 1 ¼ 30, the mobility of the RPS based on 3.6.3.6 tessellation is calculated as
Many studies focus on this and developed new approaches in terms of mobility calculations [28] [29] [30] . As an addition to them, this paper also calculates the mobility of tessellation overconstrained mechanisms by modifying Gr€ ubler's criterion by adding the number of excessive links (q) term from Alizade's universal mobility equation [31] 
As seen in Figs. 9 and 10, if square tessellation parameters are substituted into Eq. (7) as L ¼ 9, J 1 ¼ 12, and q ¼ 1, the mobility of the RPS becomes M ¼ 3(9 À 1) À 2.12 þ 1 ¼ 1. This result can be applied to the other RPSs based on one-uniform tessellation. Proof 1. In order to prove this condition, let us consider a simple closed planar kinematic chain with a single loop and n links (Fig. 11) . In order to change its loop form, this kinematic chain should have a mobility (M) higher than zero M > 0. Considering this fact and the Gr€ ubler's general mobility equation M ¼ 3(L À 1) À 2j 1 À j 2 , minimum number of link requirement can be calculated. As the study focuses on planar tessellations with lower kinematic pairs, mobility equation can be adjusted as
It is clear that to assemble n-rigid links into a single closed loop, n connections are required; if these connections are replaced by the one degrees-of-freedom kinematic pairs, we can formulate the total number of one degrees-of-freedom kinematic pairs (j 1 ) as j 1 ¼ n. Using this information, Gr€ ubler's mobility equation for a single closed planar kinematic chain becomes
In the light of this for the minimum mobility M ¼ 1, number of requirement rigid link should be n ¼ 4. In other words, to form any mobile loops, at least four rigid bodies are required to be assembled. Using this fact, let us return back to condition 1. In order to have a retractable plate structure based on one-uniform tessellation, each plate should be neighbor of only mobile loops to move individually. Moreover, it is clear that to form a tessellation, every plate should be positioned by edges to edges and corner to corners in their closed form. Thus considering the smallest mobile option, a mobile loop should be formed at least by utilizing four plates and to form a tessellation, these plates should be gathered around a vertex in closed configuration. From this point of view, condition 1 always holds.
However, when an RPS is designed based on (3.4.6.4) tessellation, it is moveable but there is an unpredictable expansion and retraction with overlapping plates because of the assembly mode change (Fig. 12) .
In mechanism science, the alternative forms that a linkage can be constructed with the same link and connections are called configurations or assembly modes of the linkages. During its motion, Transactions of the ASME the linkage may pass from one assembly mode to another through the dead-center position, which is called reconfiguration or assembly mode change. In dead-center position, the mechanism loses its mobility and has zero mechanical advantage. The mechanism may pass easily from one configuration to another. Above, three one-uniform tessellations are presented. All of these tessellations have four edges meeting at one vertex and they constitute parallelogram loops. Besides, one-uniform tessellations (3 2 .4.3.4), (3 3 . 4 2 ), (3 4 .6), (3 6 ) have more than four edges meeting at every vertex. RPSs based on these tessellations constitute five or six bar loops. According to Eq. (6), parameters of (3 4 Fig. 13 . Six DoF comes from six different pentagonal loops. In Fig.  13 , it is also obvious that the number of edges meet at one vertex is equal to the number of the sides of the loops. Thus, RPS based on (3 2 .4.3.4), (3 3 . 4 2 ), (3 4 .6), and ( 3 6 ) tessellations can be expandable but not in a predictable manner because of having multi-DoF.
Condition 1 displays that if at least four edges meet at every vertex, it is possible to design RPSs based on these tessellations. RPS is single DoF when four edges meet at every vertex. However, single DoF RPS based on (3.4.6.4) tessellation has an unpredictable expansion with gaps or overlaps. Thus, it is necessary to have a second condition to generate RPS without any gaps or overlaps in both closed and open configurations and not interfere with each other during the deployment. Condition 2. To reach an RPS without any gaps or overlaps in closed configuration; minimum two neighboring polygons' edges of the selected tessellation must constitute a straight line.
Proof 2. In order to prove this, let us recall the proof of condition 1 that is to be able to form a tessellation every plate should be positioned by edges to edges and corners to corners. Thus, this information reveals that every side of the polygonal plates that are the members of the tessellation should be equal to each other. In the light of this, every link in a mobile loop will be formed by the plates and its sides, in case of the smallest mobility M ¼ 1 mobile loops have to be parallelograms (Fig. 14) .
Due to this property, the loops will always enter their singularities (dead center position) when the edges form a straight line or when two revolute joint axes become collinear (Fig. 15) . At this configuration, the system will gain a passive rotation around the collinear axis (Fig. 16 ) and may take infinite configuration without control possibility that will cause an unpredictable movement in the system. Moreover, mod changes can also occur during escaping this configuration (Fig. 17) .
Using this fact, let us return to condition II. If two neighboring plates constitute a nonstraight edge connection in closed form that means their related mobile loop will enter singularity before fully closed configuration. After this point, unpredictable movements will happen and effect the movement. From this point of view, any single DoF RPS based on tessellation should conclude its closed configuration when the edges get into straight lines; thus, the condition II holds.
In order to understand the second condition, it is better to look at the kinematic behavior of the RPSs based on (4 4 ), (3.4.6.4), and (3.6.3.6) tessellations, which have four edges meeting at one vertex. As it is mentioned before, every four regular plates constitute parallelogram loops. During the retraction of ( 4 4 ), (3.6.3.6) tessellations, loops do not constitute a straight line. Only in fully closed configuration, loops constitute a straight line and close when the plates match perfectly. That is the dead center position of RPS. On the other hand, RPS based on (3.4.6.4) tessellation reaches dead center position before the closed configuration as in Fig.  20(a) . In that position, parallelogram loops change the configuration easily. Thus, the movement after the dead center position is not predictable and there are overlaps as in Fig. 20(b) . There is a relationship between the neighboring edges and behavior of the loops. Thus, it is possible to guess whether the designed RPS will have fully closed configuration or not.
Among the 11 one-uniform tessellations, it is observed that seven of tessellations (4 4 ), (3 6 ), (3.6.3.6), (3.4.6.4), (3 2 .4.3.4), (3 3 . 4 2 ), (3 4 .6) fulfill the condition 1 and can be retractable. However, among the seven of them, only four (4 4 ), (3.6.3.6), (3 4 .6), (3 6 ) tessellations fulfill the second condition. RPS based on these can deploy without overlaps and reach closed configuration without any gaps. RPSs based on ( 4 4 ) and (3.6.3.6) tessellations are single DoF, while RPS based on (3 4 .6) and (3 6 ) tessellations are multi-DoF.
Similarities Between Graph Representation and Dual of Tessellation
In many areas from engineering to architecture, graph theory is used for finding communities in networks where it is needed to detect hierarchies of substructures. In mechanism science, graph theory is generally used to employ systematic enumeration, development of computer-aided kinematics and dynamic analysis, or systematic classification of mechanisms [32, 33] . In a graph representation, vertices denote links and edges denote joints of a mechanism. In a structural representation, every plate of a RPS is denoted by a polygon and its vertices represent the joints. Figure  21 displays structural and graph representations of a four bar planar mechanism that consists of four plates. It is seen that graph representation of a mechanism with four plates consists of four edges. In graph representation, a loop with four edges represents a four-bar mechanism; likewise, a loop with five edges represents a five-bar mechanism. If three plates numbered 3, 4, and 5 are assembled with 2R joint "d" as in Fig. 22 , that joint is displayed with a triangle instead of a line.
The authors realize that the dual of a base tessellation is exactly the same with the graph representation of an expanded RPS. Thus, structural representation of the RPS can be easily drawn from the 4 4 ), (3.6.3.6), (3 4 .6), and (3 6 ) tessellations. In these figures, graph representations are drawn from the structural representations of RPS and duals are drawn from the tessellations. In Figs. 23 and 24 , it can be seen that duals of ( 4 4 ) and (3.6.3.6) tessellations are composed of tetragonal polygons. If the vertices are numbered and the edges are entitled on the dual, a graph of the RPS can be acquired and the structural representation of the RPS can be easily drawn from that graph. Every vertex represents a plate of RPS in graph representation. The type of the plate can be determined by counting the number of edges meeting at that vertex. If six edges meet at a vertex, that vertex represents a hexagonal plate. Moreover, since an edge on a graph represents a joint between two plates, a loop with four edges represents a fourbar mechanism and a loop with five edges represents a multi-DoF five-bar mechanism.
According to the results, a theorem can be developed from the similarities between the duality of tessellation and the graph representation of RPS. THEOREM 1. The dual of tessellation reveals the graph representation of RPS based on that tessellation. Proof 1. In order to prove theorem 1, let us consider a single module of an RPS based on that tessellation. When this module of an RPS based on a tessellation is in the fully closed form, it represents its base tessellation. In order to reveal the dual form of this tessellation, midpoints of the polygonal plates should be connected by a straight line. During this process, these lines are passing in a perpendicular fashion through the midpoints of the polygonal edges. When the same procedure is applied to the fully open-form RPS, it is easy to be seen that these straight lines will pass through the corners of the polygonal plates. As the number of corners and the numbers of edges are always the same on the polygonal plates, final geometry of whole line connections in both conditions will always be the same in different scales. Due to the fact that joints of RPS are located on the corners and they are represented as lines in the graph representation of the RPS, they will form the same geometry in fully open form when connected with the polygonal plates that are represented by dots in the graph representation. In other words, similar to the previous case, midpoints of the polygonal plates are represented by dots and connected by the lines that represented kinematic pairs. Thus, theorem 1 always holds.
5 Systematic Conversion of Multi-DoF RPS Into a Single DoF RPS (3 4 .6) and (3 6 ) tessellations fulfill both conditions but RPSs based on these tessellations have an unpredictable movement because of their multi-DoF nature. In this section, a systematic conversion method is presented in order to reach a single DoF RPS by using similarity between the duality of tessellations and the graph representation of expanded RPS.
Main purpose of this method is to generate tetragonal polygons on the dual of tessellations manually. In the light of this idea, tetragonal loops will be generated by either adding extra edges or points into the graph representation. As it is mentioned before, an edge refers to a joint and a point refers to a plate. Indeed, this method will reveal the idea of how the plates should be assembled. The method will be explained through the creation of a single DoF RPS based on (3 4 .6) tessellation.
Step 1: Acquiring the dual of the base tessellation As a first step, the dual of (3 4 .6) tessellation is drawn. Black lines show (3 4 .6) tessellation while the red lines show its dual as in Fig. 27 . It can be seen that the dual of (3 4 .6) tessellation consists of five-sided polygons. Thus, if the plates are assembled one by one with revolute joints, the graph representation of an expanded RPS based on (3 4 .6) tessellation will consist of fivesided polygons, which represents multi-DoF loops. It is revealed that RPS based on (3 4 .6) tessellation will be multi-DoF.
Step 2: Modification of the dual of base tessellation As a second step, extra edges are added to the dual of tessellation in order to generate tetragonal polygons as in Fig. 28 . The new form is the graph representation of the RPS. An extra edge in graph represents the assembly of two plates with an extra joint.
Step 3: Focusing on to the key points of graph representation In the process of drawing the graph representation from the dual of tessellation, two important points should be considered. The first one is to avoid generating a subchain or an overconstrained subchain. While drawing new edges on the dual to generate tetragonal polygons, it is also possible to generate new triangular polygons. As it is represented in Fig. 29 , a triangle denotes a subchain in graph representation. The plates numbered 1, 2, and 3 generate a triangular loop when assembled with revolute joints lettered a, b, and f. They generate a structure as shown in Fig. 30 . Besides, it is not possible to connect plates numbered 5 and 1. In addition to this, if two triangles lettered a and b are drawn side by side they, represent 2R joints as in Fig. 31 . Thus, plates numbered 2 and 3 generate an overconstrained subchain as in Fig. 32 and these two plates move as a single body. The second important point is the number of edges that meet at every vertex. On a graph representation, if three edges meet at one vertex, it is a triangular plate with three joints, if six edges meet at one vertex, it is a hexagonal plate with six joints. While drawing new edges on a dual of tessellation, the number of edges that meet at one vertex should be carefully counted with respect to the chosen tessellation's polygon types. For instance, Fig. 33 shows a graph representation after drawing new edges to the dual of 3 4 .6 tessellation. The plate "3" has two 2R joints lettered a and b. However, RPS based on 3 4 .6 tessellation should have plates with three R joints or with six R joints to be connected with neighboring plates. As it seen in Fig. 34 , the plate numbered 3 is not a regular triangular link any more. The link is connected with two 2R joints (a and b) instead of three R joints. Figure 35 shows a correct graph representation of RPS module where the vertices are numbered and the edges are lettered. Triangular plates are connected to neighboring plates with three joints that are R or 2R joints.
Step 4: Assembly of the plates and RPS construction Structural representation of RPS is drawn according to the graph representation. From the graph, it is understood that plates numbered 1, 30, 33, 34, 35, 36, and 37 are hexagonal; others are triangular plates. Rigid plates are assembled with revolute joints as in Fig. 36 according to the generated graph representation.
In Fig. 37 , it can be seen that a single DoF RPS module based on (3 4 .6) tessellation can be designed by connecting two plates with new joints. It can expand and retract in a predictable manner without any gaps or overlaps.
In Fig. 38 , black lines show the generated graph representation of the module, while the red lines show the edges drawn from vertices 30, 33, 34, 35, 36, and 37 to the neighboring vertices to iterate the graph. These new edges drawn to the dual create six triangles on graph representation. Triangle on graph represents a subchain or a 2R joints. If RPS is constructed with subchains numbered (34,10,9), (33, 19, 18) , (31, 16, 30) , (28, 14, 37) , (26, 25, 36) , and (23, 22, 35) , only one subchain is enough to prevent the movement. If RPS is constructed with six extra R joints, the plates numbered 28, 31, 19, 10, 23, and 26 have two 2R joints, respectively, (aj, af), (am, al), (t, v), (z, t) (aa, ab) (ae, ac) instead of three R joints. These plates are not triangular with three R joints. Because of these reasons, the iteration of the module is not possible.
The only way to iterate the graph representation is to generate overconstrained subchains. Figure 39 shows the graph representation of RPS where the overconstrained subchains are drawn in order to create four-sided polygons on the dual tessellation. However, as it is mentioned before, overconstrained subchains cause two plates to move as a single tetragonal plate. Figure 40 shows the structural representation and Fig. 41 shows the expansion of the new RPS.
On the other hand, when this method is applied to RPS based on 3 6 tessellation by considering the key points, subchains or overconstrained subchains are always generated with extra edges as in Fig. 42 . Besides, the number of joints on the triangular plates will be more or less than three. For example, plate number 42 has four joints and plate numbered 59 has two joints. It is obvious that the graph representation of a single DoF RPS cannot be drawn only by adding extra edges to the dual.
In order to draw a graph representation consisting of tetragonal polygons, both extra vertices and edges should be drawn on the dual. As seen in Fig. 43 , black points display the vertices of the dual while blue points display the newly added vertices. A new graph is generated by drawing the edges between all vertices as in Fig. 44 . The graph is generated after vertices are numbered and edges are lettered as in Fig. 45 . It is seen that six edges meet at 
Conclusion
This paper presents a novel family of single DoF RPSs that can be expanded and retracted without any gaps or overlaps in both open and closed configurations. In order to find the shape of hinged plates, a new approach using tessellation technique is used. This study restricted with one-uniform tessellations that are 11 different tiling possibilities of regular polygons. Two conditions are determined to design a RPS, which expands and retracts in a predictable manner from these 11 tiling.
By connecting the regular polygonal plates through revolute joints, it is observed that single or multi-DoF RPS modules are acquired. The authors discovered a similarity between dual of the base tessellation and the graph representation of the RPS. This .6 tessellation by generating overconstrained subchain similarity is used in the design process and a method is explained step by step in order to convert multi-DoF RPS into a single DoF RPS.
Developed conditions and theorems have been made available to the architects and engineers to design retractable plate structures without having any complex engineering or mathematical knowledge. Thus, these results present potential advantage for the applications of retractable plate structures to architectural projects more than today.
One of the most important factor that must be considered in deployable scissor structures is the covering material. In general, flexible materials able to follow the deployment of the scissor structure are required. By replacing the bars with plates, RPSs appear to be more or less suitable for certain functions in the façade or on the roof a building such as solar shading devices. This paper gives a first impression on the applicability of retractable plate structure to a responsive building skin as in Fig. 47 . 
